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Sklyanin’s formula provides a set of canonical spectral coordinates on the standard Calogero-Moser space
associated with the quiver consisting of a vertex and a loop. We generalize this result to Calogero-Moser
spaces attached to cyclic quivers by constructing rational functions that relate spectral coordinates to conjugate
variables. These canonical coordinates turn out to be well-defined on the corresponding simple singularity of
type A, and the rational functions we construct define interpolating polynomials between them.
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1. Introduction

The n-th Calogero-Moser space %, can be viewed as the completed phase space of the n-particle
rational Calogero-Moser (CM) system [1,11,19]. This system describes 7 interacting particles with

positions ¢ = (g1, ...,¢,) and momenta p = (py,...,p,) evolving in time according to Hamilton’s
equations

dqi JH dpj JH

R L R S (1.1)

dt ij dt 8qj
given by the Hamiltonian

H(p.q)=), 5+ — (1.2)
j—; 2 1§j§<§n (9;—qc)?

Here 7y is a parameter that controls the strength of particle interaction, which itself is defined via a
pair-potential that is inversely proportional to the square of the difference of particle-positions. This
system has many conserved quantities, i.e. functions F such that {H,F} = 0, that can be obtained
as spectral invariants of a matrix-valued function of ¢ and p, that is the Lax matrix of the system.
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Moreover, the eigenvalues of the Lax matrix of the CM system form a complete set of Poisson
commuting first integrals, hence the CM system is Liouville integrable [11]. This encourages the
investigation of the spectrum of the Lax matrix. These eigenvalues provide partial parametrisation
of the CM space on the dense open subset where the Lax matrix is diagonalisable. A natural ques-
tion is to find a set of conjugate variables in order to obtain a full parametrisation compatible with
the symplectic structure 27:1 dp;Ndgq;. Sklyanin formulated a conjectural expression for conjugate
variables in [16]. Utilizing the bi-Hamiltonian structure of the classical CM system, this conjecture
was proved in [5]. Another proof of Sklyanin’s formula was given in [8] using Hamiltonian reduc-
tion [9].

Canonical spectral coordinates are central to the algebro-geometric approach to integrable sys-
tems [15]. In general, when the Lax matrix of a system depends on a spectral parameter z, canon-
ical coordinates are given by the location of the poles of a (suitably normalized) eigenvector of
the Lax matrix L(z). Equivalently, the coordinates are given by the locations on the spectral curve
det(A1 — L(z)) of the points corresponding to the zeros of a specific polynomial. However, this
method cannot be applied directly to the rational CM-system, because all poles of the eigenvector
are located above z = oo, hence the z coordinates of these poles do not provide conjugate variables
to the eigenvalues of the specialized (spectral parameter independent) Lax matrix L(e0). A formula
conjectured by Sklyanin [16] resolves exactly this problem. Instead of the coordinate z, some other
function associated with the dynamical variables should be used to express the conjugate variables.

The classical CM space %, is also a particular example of a quiver variety [7, 12]. Namely, it
is associated with the quiver consisting of only one vertex with a loop attached to it. More general
Calogero-Moser spaces associated with other quivers can be constructed in a similar manner. In this
work, we investigate the CM space associated with the cyclic quiver as introduced in [3]. For short,
we will call it the equivariant Calogero-Moser space since it can be thought of as the completed
phase space of the equivariant n-particle rational Calogero-Moser system under the action of the
cyclic group of order m. We will denote it by €. Our main observation is that, similarly to the
non-equivariant case 6, = %!, an explicit formula for the conjugate variables on 4" can be given.

One can go even further by allowing the particles to have spin, i.e. internal degrees of freedom.
The corresponding space will be denoted by s%", where we suppressed the dimension of the space
of internal states. We extend our results to this case as well. Although the resulting formulas look
the same as in the spinless case, the proofs differ at several points.

It was shown in [3] that on the dense open subset where the specialized Lax matrix is diago-
nalisable, if (11,...,4,) are its the eigenvalues, then there is a certain set of variables (¢, ..., ®,)
which are conjugate to the eigenvalues. Our first main result is the following

Theorem 1.1. On a dense open subset of the Calogero-Moser space €, (resp., s6,") there is a
certain rational function r(z) € C(z) such that on a dense open subset the relationship

¢),~:r(k,') i:l,...,n (13)

between the sets of conjugate variables (¢1,...,¢,) and (Ai,...,A,) holds.

Theorem 1.1 shows that although the specialized Lax matrix of the equivariant CM system does
not contain a spectral parameter, the conjugate variable pairs (A;, ¢;) are still lying on an “interpola-
tion curve” defined by the equation y = r(z). More precisely, the pair (4;, ¢;) is a well-defined point
on the singular surface of type A,,_;, and the interpolation curve between the points {(A;,¢;)} is a
rational curve on this singular surface.
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The datum which represents a point on %, or on s%," contains a framing, which consists of two
additional vectors v and w. In the spin case the variables (A1,...,4,) and (¢1,...,d,) together with
the coordinates of the vectors v and w form a complete set of canonical coordinates, whereas in the
spinless case the coordinates of v and w can always be gauged away and (A1,...,A,,91,...,9,) are
enough for a complete local parametrisation.

It turns out that on %, (resp., s€,") the set (1,...,¢,) is not the only natural set of variables
which is conjugate to (A,...,4,) [8]. The function r(z) appearing in Theorem 1.1 (including its
special case for m = 1) does not depend on the framing part of the datum whereas the conjectured
formula in [16], which gives another set of conjugate variables on %, in the m = 1 case, does depend
on the framing. Our second result is that an analogue of Sklyanin’s formula from [16] is also valid
in the equivariant case, and there is a second natural set of conjugate variables to (4i,...,A,) which
depends on the framing as well.

Theorem 1.2. On a dense open subset of the Calogero-Moser space €," (resp., s€") there is a
certain rational function s(z) € C(z), depending also on the framing part of the datum, such that on
a dense open subset the variables 0y, ..., 0,, defined as

9,':5(2,,'), izl,...,l’l (14)

are conjugate to Ay, ..., A,, respectively.

It is known that the non-equivariant CM space %, is a deformation of the Hilbert scheme
Hilb"(C?) of n points on C2. The framing vectors play an essential role in the stability condition of
the GIT construction of Hilb"(C?) as a quiver variety [13]. Hence, it seems useful to keep track of
the framing vectors (or their steadiness) during a degeneration of %, into Hilb"(C?). The advantage
of Theorem 1.2 is that as opposed to r(z) the functions s(z) can measure such a steadiness.

Theorems 1.1 and 1.2 show that there are at least two natural sets of variables conjugate to the
spectral variables (Ai,...,4,). Correspondingly, there are two natural interpolation curves on the
singular surface of type A,,—1.

The structure of the paper is as follows. In Section 2 we recall the recipe of separation of vari-
ables and its relation to the spectral curve with a special emphasis on the rational CM system. In
Section 3 we summarize the construction and the symplectic structure on the CM space associated
with the cyclic quiver. In Section 4 we prove Theorems 1.1 and 1.2 for the spinless case. In Section
5, after introducing the equivariant CM space with spin, we give the proofs of Theorems 1.1 and
1.2 for this case. In Section 6 we construct the interpolation curves on the singular surface of type
Ap_i.

2. Separation of variables and the spectral curve of the rational Calogero-Moser system

We briefly review the method of separation of variables (SoV) following [15]. Consider a Liouville
integrable system having n degrees of freedom. This means a 2n-dimensional symplectic manifold

(£, w) with n independent smooth functions Hj, ..., H, on it that commute with respect to the Pois-
son bracket {, } induced by the symplectic form @, i.e. {H;,H;} = ®(Xy;,Xg,) =0, j,k=1,...,n.
A system of canonical coordinates (pj,q;), j =1,...,n, i.e. local coordinates on the symplectic

manifold satisfying
{pj,pk}:{qj,Qk}:Ov {p,,Qk}:(SJk j,kzl,...,l’l (21)
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is called separated if there exist n relations of the form
q)j(q.japjaHla---»Hn):Oa jzl,...,l’l. (22)

Such a system of variables induces an explicit decomposition of the Liouville tori into one-
dimensional tori and makes several calculations about the system straightforward [15].

Suppose that the system under consideration has a Lax representation. This means that the
equations of motion (1.1) can be written in the form

L(z) = [L(z),M(2)] (2.3)

with some matrices L(z) and M (z) of size n x n, whose elements are functions on the phase space and

which depend on an additional parameter z called spectral parameter. Then the functions Hy,...,H,
can be expressed in terms of the coefficients #1(z), .. .,,(z) of the characteristic polynomial W (A, z)
of the matrix L(z)
n
W(A,z) =det(Al—L(z)) = ¥ (= D*u(z)A" . (2.4)
k=0

The characteristic equation
W(A,z) =0 (2.5)

defines the eigenvalue A(z) of L(z) as a function on the corresponding n-sheeted Riemannian sur-
face of the parameter z. The Baker-Akhiezer function Q(z) is defined as the eigenvector of L(z)
corresponding to the eigenvalue A(z), i.e. we have

L(2)Q(z) = A(2)Q(z2). (2.6)

After a suitable normalization, Q(z) becomes a meromorphic function on the Riemannian surface
(2.5). Sklyanin’s formula hints that the coordinates z; of these poles play an important role. The
formula is based on the observation that for many models the variables z; Poisson commute and,
together with the corresponding eigenvalues A ; = A(z;) of L(z;), or some functions p; of z;, provide
a set of separated canonical variables for the Hamiltonians Hi,...,H,. One reason for this is that
since A; = A(z;) is an eigenvalue of L(z;), the pair (A}, z;) lies on the spectral curve (2.5), i.e.

W(A;.z) =0, @7

If, furthermore, z; is a function of p;, then (2.7) provides the equations (2.2) as well.

The (complexified) rational Calogero-Moser system is a completely integrable Hamiltonian
system describing a collection of » identical particles on the affine line C. The phase space of
the Calogero-Moser system is 7*(C" \ {all diagonals}), the configurations are n distinct unla-
belled points g; € C with momenta p; € C. The Lax matrix of the system can be brought to the
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form [2,10] [18, (53)]
L(z) =L+igz 'ee’, (2.8)
where e € R” is the vector given by
e=(1,....1)7", (2.9)
and the components of the z-independent matrix L are
Lix=p;8jx+iglaj—q0) ' (1=8x), jk=1,...,n. (2.10)
As it was observed in [18, Section 5.2], the matrix determinant lemma
det(M +xy') = det(M) +y"adj(M)x @2.11)
implies that the characteristic polynomial of L(z) simplifies to
det(Al—L(z)) = Py(A) —igz 'Pi(A), (2.12)
where
Py(A) =det(A1—L) (2.13)
is the characteristic polynomial of L, and
Pi(A) = e'adj(Al — L)e = tr(adj(Al — L)ee"). (2.14)

(We note that adj(M) denotes the adjugate matrix of M.) In particular, the characteristic equation of
the spectral curve of the system takes the form of a graph of a rational function
Pi(A)

Py(A)

7=1g (2.15)

It follows that if |z| < oo, then the eigenvector equation (2.6) can always be solved, and the
solution has a finite magnitude. This means that all poles of the Baker-Akhiezer function Q(z) are
at 7 = oo. The eigenvalues of L(e0) are exactly the eigenvalues of the matrix L due to (2.8). Let us
denote these by Ai,...,A,. They form one half of a set of conjugate variables. Since each A; lies on
the level set z = oo, the function z cannot be a conjugate variable to them on the moduli space of all
solutions of the system.

A similar situation occurs for the open Toda chain, which was resolved in [17, 2.20b]. In that
case one looks for another rational expression which provides the sought-after conjugate variables.
For the classical CM system such an expression for conjugate variables was conjectured in [16].
The formula turns out to be again a rational function, depending on the eigenvalues A, ..., A,, the
matrix L, and another matrix X, which, in a suitable basis, has the particle-positions ¢q1, ..., g, along
its diagonal. The formula was verified using two different approaches, first in [5] and then in [8].

Our aim in the forthcoming sections is to adapt these methods to more general Calogero-Moser
systems and the moduli spaces of their solutions. Formally, the resulting formulas for the Calogero-
Moser space associated with the cyclic quiver look similar to the classical case [5, 8]. Hence, one
may expect that the formulas may hold more generally to Calogero-Moser spaces associated with
any “nice” quiver. For a detailed study of the geometry of moment maps for quiver representations,
see [4].
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3. Calogero-Moser space associated with the cyclic quiver

Let m be a positive integer. In this section we introduce the Calogero-Moser space associated with
(1)

m—1

the affine Dynkin quiver A shown in Figure 1 below.

1 2 m—2 m—1

Fig. 1. The cyclic quiver.

Starting from this quiver we first take the corresponding doubled quiver. This means that we
replace each edge with a pair of edges with opposite orientation to each other. We also equip the
quiver with a one-dimensional framing at the vertex 0, and construct the associated Calogero-Moser
quiver variety. See Figure 2 for a particular example. The precise procedure of the construction is

as follows.
N
/ X,
~—P \
/ P
Xo ~( : )
§ /)
A—Wo
<\\V0 P3\ 73
P
6 /)
Py
/_Pj
@ ™~ Xy
\Xs—/
Fig. 2. The doubled cyclic quiver for m = 7 with a special framing.
Fix a positive integer n and let Vy,Vy,...,V,,—1 be vector spaces of dimension n and V., be a

one-dimensional vector space over the complex field C. Let Z,, stand for the additive group Z/mZ
of integers modulo m, that is the cyclic group of order m. Let us consider the linear maps

XitVi=Vipyr, PiVipg =V, [ € L 3.1

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
248



T. Gorbe and A. Gyenge / Canonical spectral coordinates for the Calogero-Moser space associated with the cyclic quiver
and by introducing a one-dimensional vector space V.. over C we also define the linear maps
vo: Voo = Vo, wo: Vo — Ve (3.2)
Take the direct sum V =Vy @V, @ --- @ V,,—; and define the transformations X, P € End(V) by
Xvodvid - DVy—1) =Xpn_1Vm—1 D Xovo D+ & Xpy_2Vin—2 (3.3)
and
Pvo@vi® - - @DVy_1) =PviBPIV2 D B Ppy_1Vp. (3.4)

Let 1y denote the identity map on V. The commutator [X,P] € End(V) of X and P can be expressed
as

(X, Pl(vo@vi @+ ®Vp_1) = P (Xis1 P—1 — PXi)vi. (3.5)

Z'GZW
Extend vg, wp introduced in (3.2) to maps v: V.. =V and w: V — V., respectively, by

v(z) =vo(z) B0y, &~ B0y, , and w(vo®VI© - SVpu_1)=wo(vo). (3.6)

-1
An m-tuple g = (g0, 81,---,8m—1) € C™ is called regular if
g0+ +8m1#0 and k(go+--+gm-1)Fgnt-+8i-1 3.7)
forallk € Zand 1 <h <i<m—1. We introduce gly € End(V) via
gly(vo B Vi BVy—1) =goVoDgIVI D D gm—1Vim—1. (3.8)
Let C,, stand for the space of quadruples (X, P,v,w) satisfying
[X,P] = gly +vw. (3.9
The group GL(V) C End(V) of invertible linear transformations acts on Cy', by
M- (X,Pv,w) = (MXM~ ' MPM~' Mv,wM™"), M cGL(V). (3.10)

If g is regular, then this action is free. The equivariant Calogero-Moser space ¢, for the cyclic
group Z,, is defined as the space of orbits, i.e.

Cny =y /GL(V). G.11)

In the rest of the paper we will suppress the dependence of €, on g, and simply write €,".

In [3] Chalykh and Silantyev introduced local coordinates on the open dense subset ;" X e
consisting of orbits with invertible and diagonalisable maps X;. Namely, they diagonalised each of
the X; by choosing such an M € GL(V) that Q = MXM !, when written in the standard basis, has an
m-by-m block matrix structure with blocks of size n. The non-zero blocks are at positions (i + 1,1)
and are of the form

q .= [Q]i+17,~:diag(ql,...,q,,), iEZm. (312)

By using the group action and the constraint (3.9) they showed that each point of 4" X can be
represented by (Q, L, Mv,wM~") with Q as displayed above and L = MPM ! having a similar block
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matrix structure with non-zero blocks at positions (i,i+ 1) whose components are

(Li)jk = (i) ju = (pj—cig; ) Sju+Igldsay " (] — ')~ (1= 6;4), (3.13)
i € L, j,k€{l,...,n}, where py,...,p, are arbitrary and c¢;, |g| are constants, namely
i m—1 m—s m—1
ci=) 8~ ) ——& and [¢g=) g (3.14)
r=0 s=0 M s=0

The maps Mv,wM~! are expressed as column and row vectors, respectively, with m blocks of size
n each. The only non-zero blocks are the first ones, i.e.

Mvlp=(1 1 ... 1)' and wM o=—g/(1 1 ... 1). (3.15)

It was also proved in [3] that these local coordinates (p;/m, q;) are canonical. That is, the symplectic

structure on anm,x’ obtained from the standard symplectic form on C)', can be written as

w=m) dpj\dg;. (3.16)

n
j=1
The Hamiltonians can be written as

1
Hi(p,q) = ﬁtr(Lmk), k=1,...,n, (3.17)

and for m = 1 we have H,(p,q) = H(p,q) (1.2) with y = —g3.

The same procedure can be repeated by introducing local coordinates (4;,¢;) on the open dense
subset €"F ¢ consisting of orbits with diagonalisable maps P,. We denote the corresponding
objects by putting a tilde over them. Namely, we have an invertible transformation M € GL(V') such
that the matrix of = MPM~! has diagonal blocks at positions (i,i+ 1)

A= [L); 1 = diag(A,..., A), [ € Ly, (3.18)
the matrix of O = MXM~! has non-zero blocks at positions (i + 1,i)
(0) i = ([Qiv1.) s = (95 +cid; ) 8ju— g AT AT = 4~ (1= 8j). (3.19)

The maps # = Mv and # = wM~! can be written as vectors of size mn with only the first n entries
being non-zero:

Fo=(1 1 ... 17 and [Wo=lg/(1 1 ... 1). (3.20)
Finally, the symplectic structure on 6" F can be written as

O=m)Y dAiNdp;. (3.21)
j=1

hence the Poisson bracket of two functions f,g € C*(€2"") is given by

- (df dg  Idf dg
f.gt=m < — . (3.22)
el J:Zl dA;d9; d9; A,
The Hamiltonians Hy (3.17), when expressed in terms of (A, ¢ ), take a much simpler form
_ 1 Fmky\ __ 1 mk mk _
Hk—mktr(L )—k(ll +-+ A, k=1,...,n. (3.23)
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4. Canonical spectral coordinates in the spinless case

Now we turn to the task of finding explicit formulas for variables conjugate to the eigenvalues

M,..., A, of P, i.e. such functions 0y, ..., 6, in involution that
{Aj,0c} =6jk, j.k=1,...,n. 4.1
It follows from (3.22) that the variables ¢; /m, ..., ¢,/m are such functions. Proposition 4.1 below

provides explicit formulas for ¢ in terms of A. To formulate the statement we need the following
functions on C}' that depend on an extra variable z:

A(z) = det(zly — P), (4.2)
C(z) =tr(X adj(zly — P)vw), 4.3)
D(z) = tr(X adj(zly — P)). 4.4)

Notice that these functions, besides z, depend only on the class of the quadruple (X, P,v,w) under
the GL(V )-action (we have suppressed this dependence). Therefore A,C, D descend to well-defined
functions on €, for which we use the same notation. Here X, P,v,w are given by (3.3), (3.4), (3.6)
and adj denotes the adjugate map. We remark that C(z) can also be written as

C(z) = wXadj(zly — P)v. 4.5)

Lemma 4.1. The characteristic polynomial A(z) = det(zly — P) can be written in terms of

M,..., Ay as

A(z) =[] —AP). (4.6)

Proof. [Proof #1] Notice that A(z) is invariant under conjugation, i.e. constant along orbits of
GL(V). Thus we can use L = MPM~" instead of P. Let us express A(z) in the basis in which the
matrix of L is the one displayed in (3.18). This means that A(z) can be written as

A=A 0 ... 0
0 }zln —-A
A(z) = } . , “4.7)
0 A
_A'l 0 0 zl, mxm

where the index m x m indicates that the number of blocks in each row and column is m. If we
partition the matrix as indicated by the dashed lines and apply the block matrix determinant formula

det [?g} — det(a)det(8 — ya ' B), 4.8)
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(with the assumption that z # 0) then we get

2, |-A 0 0
,,,,, o
0 }zln A
A(z)=7" } : (4.9
0 | —A
—112
AT O 0 21, (m—1)x(m—1)
By iterating this process (m — 2) times we obtain
_ (m=2)n 7777@177 ;_)’
A(Z) =Z _Zi(miz)lm,j" Zl (410)
! 2x2
Applying the determinant formula (4.8) one more time yields
n
A(z) =" D det(z1, — 2~ """ VA™) = det(z"1, — A™) = [] (" — A1"). (4.11)
Jj=1
This concludes the proof. U

Let us give an alternative and more direct proof.

Proof. [Proof #2] In this proof we partition the matrix the same way as in (4.7), but apply a different
version of the block matrix determinant formula, namely

det [ig} — det(8) det(ct — B 17). (4.12)

This requires the calculation of the determinant and inverse of the bottom right block. Fortunately,
this block is an upper triangular matrix of size (m — 1)n. Its determinant is
det(8§) = "=, (4.13)

and (with the assumption that z # 0) its inverse exists and is, of course, also upper triangular. The
(h,i)-th block of 6! is

[ Npi="AT ith<i,  [8 =0, ifh>i. (4.14)

The product B8~y is simply 12[5 ~1]1 m—1. Substituting everything into (4.12) yields

n

A(z) = 2" D" det(z1, — 2" VA™) = det(z"1, — A™) = [ [ (2" — A1), (4.15)

j=1
which concludes the proof. U
Lemma 4.2. The inverse of zZ1y — P can be written explicitly in terms of Ai,..., A, as an m X m

block matrix with blocks of size n of the form
[y — L) s = "D =A™ TIAT hyi€ Zy, (4.16)

where the exponents m — (i —h+ 1) and i — h are understood modulo m.
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If one does not wish to use mod m exponents one can write [(zl,n — i)*l] as

[(Zlmn _Z‘)_l]h,i = Zh_i_l (Zm _Am)—IAM—(h—i)’ h7l = 07 cee, M — 17 h > ia (417)
[l — L)y = 2" M0 - AT hi=0,...,m—1, h<i. (4.18)

~

Proof. A simple check confirms that the matrix defined by formulas (4.17)-(4.18) is such that
(2L — i) (2Lmn — Z)*l =1, O

We recall that the adjugate of an invertible linear transformation M can be written as adj(M) =
det(M)M~!, hence assuming that z1y — P is invertible we have the following

adj(zly —P) = A(z)(zly — P) !, (4.19)

where A(z) = det(z1y — P) as defined in (4.2).
The next statement gives Theorem 1.1 for the spinless CM space ¢,".

Proposition 4.1. For a point [(X,P,v,w)] € 6" let

_D(z)
A7)

where A(z) and D(z) are the functions defined in (4.2) and (4.4), respectively. Then the variables
O1,...,0, can be expressed as

r(z)

€ C(2), (4.20)

O=r(A&), k=1,...,n. (4.21)

Proof. Since A(z) and D(z) are both invariant under conjugation by elements of GL(V'), using
O =MXM~" instead of X and L = MPM ™" instead of P in these functions gives the same results. We
already expressed A(z) in terms of A;,..., 4, in Lemma 4.1, so let us consider D(z) and calculate the
diagonal blocks of Qadj(z1,., — L). These blocks can be calculated by utilizing (4.19) and Lemma
4.2. Namely, we get

[Qadj(zlym —L))ii = 0ic1A(R)" PA" = A™)", i€ L. (4.22)
The function D(z) can be written in terms of A1,...,4, as
m—1
D(z) = tr(Qadj(zlun — L)) = Y, tr([Qadj(zlymn — L)];i)- (4.23)
i=0

Plugging (4.22) into this formula gives

—1

m—1 m n n
D(z) = ) w(QiA(R)"PAE" =A™ ) = ) Y (9 —cid; A" [T ("= 4. 4.24)
i=0 j =1

=0 =1
i (i)
Substituting z = A4 causes all terms with j # k to vanish leaving
m—1 n
D() =} (9e—cid DA [T (A" =47, (4.25)
i=0 =1

(k)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
253



T. Gérbe and A. Gyenge / Canonical spectral coordinates for the Calogero-Moser space associated with the cyclic quiver

Differentiating A(z) with respect to z yields

A'(z) = m™ ! Z (2" =AM, (4.26)

which at 7 = A; takes the following form
n
A'(M) =mA " TT W= A). (4.27)
=1
(LK)
Putting formulas (4.25) and (4.27) together gives

D(&) 17 Gty 4 G0t e
W)~ m o Gk ) = hek (4.28)

By using (3.14) a simple calculation reveals that ¢+ - - - + ¢;,—1 = 0 leaving us with

D(A)
A' (M)

= O (4.29)

and the proof is complete. U

Next, we will prove the analogue of Sklyanin’s formula [8, 16] in the equivariant case, which
provides another set of variables 6y,..., 6, conjugate to Ay, ..., A,. The result gives Theorem 1.2 for
.

Proposition 4.2. For a point [(X,P,v,w)] € €. let us define the function

_ _C@)
 lglA'(2)

with A(z) and C(z) defined in (4.2) and (4.3), respectively, and use it to define the variables
0,,...,6,as

s(z)

€C(z) (4.30)

Gk:S(/’Lk), k:1,...,n. (4.31)
Then 6, can be written as
_ % _
Or = —+ fi(A1,..., An), k=1,....n, (4.32)
m

with such A-dependent functions fi,..., f, that

fi _ dfi

— == k=1,...,n. 4.33

alk 81‘17 .]7 9 7n ( )
In particular, the variables 0,...,0, given by (4.31) are conjugate to Ay,...,A,, i.e. we have

{Qj,ek} =0and {).j, Qk} = 5]'7](, ],k = 1, NN (X
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Proof. Let us start with C(z). Using gauge invariance we replace the quadruple (X,P,v,w) by
(Q,L,7,w) just as we did before, to get

C(z) = tr(Qadj(zlm, — L)) = tr([Qadj(zlmn — L)]oo[m]oo)- (4.34)
Using (4.22) with i = 0 yields
C(z) = tr(Qm1AR)" A (" = A")  [9wlo). (4.35)
Since ["9]o,o is the n x n matrix that has |g| for all of its components we get
Ca) =gl ¥ (Om-1)judez" 2 [T @ = A1) (4.36)
j =1
(t#1)
Substituting z = A into this expression yields
Ch) = Z Om—1) jar! 1‘[ (A=A, (4.37)

(f#k)
Putting formulas (4.27) and (4.37) together gives

C (A s P
0 - =% Ry 438
k= A0 lk m}; Sl ) (4.38)

with

m7 n A{n’l
fild, .. Ay) = 1 i

e ; oA (4.39)
(0£k)

This implies that {4;, 6} = J;«, j,k=1,...,n. The partial derivative of f; with respect to A; (j # k)
is

dfc  lgl(AA)m!

—— = (4.40)
IA; (A — )LJ’.”)2
which is clearly invariant under exchanging k and j, and therefore we have
i _ 9f;
= === 4.41
oh ok (+41)
entailing {6;,6;} =0 forall j,k=1,...,n. This concludes the proof. O

5. Calogero-Moser spaces with spin variables and their canonical variables

In this section, we derive the analogues of the results obtained in the previous section to models
containing spin variables. Let d be a positive integer. The affine Dynkin quiver A,(,}ZI in this case
is equipped with a framing of dimension d at each of its vertices, or, equivalently, with one d

dimensional framing which is connected to every other node. This latter formulation will be more
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convenient for us. Accordingly, we redefine the maps v,w (3.6) to be v: C¥ — V, w: V — C9™
given by

v(z0,---yZm—1) = vo(20) ®Vvi(z1) B+ DVim—1(zm—1) 5.1
and
wVoBvI DD V1) = (Wo(vo),w1(v1),-- -, Wm—1(Vin—1)), (5.2)

where v;: C¢ — Vi, w;: Vi = C? (i € Z,,) are linear maps. Points in the (equivariant) spin Calogero-
Moser space are represented by quadruples (X, P,v,w) satisfying

[X,P] = gly +vw. (5.3)

The space itself is denoted as 5%, where we have suppressed the dependence on the stability vector
g as well as on the dimension d of the space of internal states. Two dual models of this space, similar
to the ones presented in Section 4, can be given. For details, see [3, Subsection 5.4.].

Fig. 3. The doubled cyclic quiver for m = 7 with the modified framing.

The objects we are most interested in are the ones corresponding to O, L. With a slight abuse of
notation, we let O, L denote the spin versions as well. They have the same block matrix structure as
previously, but certain non-zero blocks are different. The map L has the same matrix as before, so
for non-zero blocks we have

A, = [Z]i,i—i-l :diag(ll,...,/ln), (54)

while the non-zero blocks of the matrix of Q are given by

i m—1__
(01)75 = ([Qis14)j.j = ¢+ A" (Ci+ Y = Y, mm S[Ws]j,j> (5.5
s=0

r=0
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forie Z,, j=1,...,nand

_ _ m—1 lm h— llh
(00)jk = ([Qir1.4)jk = — Y [FienWiznl, kikm T (5.6)
h=0

fori € Zy, j,k=1,...,n (j #k). (The index i — h of ¥ and W is understood modulo m.) The maps
v, w have matrices that satisfy the equation

m—1
Y (ool = sl (5.7)
i=0

for all j = 1,...,n. It was shown in [3, Proposition 6.6] that the local coordinates

(Aj,9;/m,[Wi]a.j,[Vi]j«) on the spin Calogero-Moser space s%," are canonical, i.e. the reduced
symplectic form on s, can be locally written as follows

n m—1 d
=) <md,1 ANdoi+ Y, Y Wil A > (5.8)

j=1 i=0 a=1

The Poisson bracket of two functions f,g on the spin Calogero-Moser space s%," can be locally
computed via

_y afag_3f98> S ( dg _ _of ¢ )] 5.9
(1.8} Z[m(wL 50, 90,90, 393 Ola e Isa dilas )| 7

i=0 a=1

The expressions of the functions A,C,D on the spin Calogero-Moser space are formally the
same as in the spinless case. Namely,

A(z) = det(zly — P), (5.10)
C(z) = u(Xadj(zly — P)yw), (5.11)
D(z) = tr(X adj(zly — P)). (5.12)

Again, the dependence of them on the class of (X, P,v,w) is suppressed. In the spin case the product
vw is understood to be the sum of the tensor (or dyadic) products

m—1
W = @viwi, (5.13)
i=0

which can also be seen from the alternative expression
C(z) =wXadj(zly — P)v. (5.14)
The next result gives Theorem 1.1 for the spin case.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
257



T. Gérbe and A. Gyenge / Canonical spectral coordinates for the Calogero-Moser space associated with the cyclic quiver

Proposition 5.1. The variables ¢y, ..., ¢, can be expressed using the functions A and D as follows
D(A)
= k=1 . 5.15

Proof. Using expression (4.23) we get

m—1 n

D(z) = mi w(QA ()" A" —A") ) = )
i=0

i=0 j=1

~

Interchanging the order of summation and the identity

m—1 i m—1 m—

Z (Ci+ Z[ﬁrwr]jj - Z
i=0 r=0 s= m

which follows from (5.7), give
n n

D(z) = Z ¢jmA;Z" 2 H
Jj=1 (=1
(t#))

Substituting z = A into this formula yields

(0:)).jAj2"? ZI_I ("= A").
=1

D(3) = dumAl ™ T (A" — 2%) = 0’ ()

(7
and the proof is complete.
The next statement completes the proof of Theorem 1
Proposition 5.2. For a point [(X,P,v,w)] € s€)" let

C(z)

.2 in the spin case.

5(2) = ——~ €C(2)

1814 (2)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

with A(z) and C(z) defined in (5.10) and (5.11), respectively. Let us moreover define the variables

6i,...,6,as

9](:.5‘(3,](), kZl,...

SN

(5.21)

Then the variables 0y, ..., 0, given by the generalized Sklyanin’s formula (5.21) are conjugate to

AMyeoos Ape
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Proof. A direct calculation shows that

m—1 n
=Y Y iwil(Qi1)juhd" H "=AN") (5.22)
i=0 ji=1
(ﬂ#t)
hence by using (4.27) 6, can be expressed as
1 m—1 n
= kel Z Z (Qi-1) k- (5.23)

Taking (5.5)—(5.7) into account, the variable 6; can be explicitly spelled out as

6, = %+ek(kk,\7,w) + fi(Ad, oy A, W), (5.24)
where
1 m=l i1 mlym—s
ex (A, 0, W) = pPER l_;o[viwi]k,k (Ci1+r;)[‘7rwr]k.,k—§6 — [ms]k,k) (5.25)
and
X L A,m —h— ]lh
fk( b n,vw B m|g| hzz"o(g;() V’Wlktvl e l]tk Azm lm ' (20

From (5.9) and (5.24) we get

20, 19
8¢j m3¢]

The explicit expression (5.24) lets us decompose {6}, 6; } as follows

{4),6c} =m—=— = 8. (5.27)

1 1 1 1 1
{0),6c} = W{(ijq’k} + %{@,ek} + %{ejaq)k}‘i‘{ej;ek} + %{‘Pjafk}"’ %{fwbk}
+{ej, fid +{fi e} +{fj, fi} (5.28)

Since ¢; and ¢y Poisson commute and e; depends only on A;, but not the other A’s, each of the first
four terms on the right-hand side is zero, that is

{(Pja‘Pk}:Oa {(Pj’ek}zov {ejv(Pk}:O’ {ejvek}:O' (5.29)
Hence we are left with
1
{GJ? 9](} = % ({q)]afk} + {f]a ¢k}) + {ejafk} + {fj?ek} + {fjafk}v (530)
where the terms we grouped cancel, because for every j,k=1,...,n, we have
d d
(00 + {00} = 5 - S =0 (531
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Indeed, we have

m—1 m—h—14 h
g;z = —Mlmh;o[ﬁiwi]j7k [ﬁihlwihl]k,jaikw (5.32)
and a straightforward calculation shows that
aH o 4 53
e A" =AT dA; AT =N
Thus
me1 h+1y m—h—2
gﬁ =— m|lg h,iZ:O [Tiwi] j i [Vihlwihl]k,jaij Wn (5.34)
Rewriting the sum using a new pair of indices /’,i’ given by
W=m—h—-2 (modm)
i/=i—h—1 (mod m) (5:33)
we get
. m—1 m—h 15 I
gﬁ = —ng| hl;LO[Vi'Wif]k,j [ﬁi/h'1Wﬂhf1]j,kaa)LjW, (5.36)

which, by an exchange of j and k in (5.32), can be seen to coincide with d fi /d A4 ;. As a consequence,
we now have

16,6} = {ej, fit +{fj ex} +{fj, fi}- (5.37)

Let us consider the first term on the right-hand side. Since e; and f; do not depend on any of the
¢’s and ¢; only depends on the j-th column (resp. row) of [Ww;] (resp. [V;]) we have

m—1 d e : e
{ejyfk}:ZZ<a[ ¢ Ofi _ dej Ik ) (5.38)

5 = \9Wila,j 0ilja  I[Vilja Wila,

A straightforward computation yields

de; 1 [[ﬁi]m (a L+ i [DW,] . — mf n-e [ﬁsws]j,/>

IWila;  mlglA;

=0 s=0 M
m—i m—1 m—1
- Bilja Y [Pwnljj+ [Pilja Y [Viwi]j,j} (5.39)
m h=0 h=it+1

Collecting the common factor V] ; o and applying (5.7) give us

3ej [ﬁi]ja |: i m_lm—s :|
—— = o |G+ (g = Vil — ) VoW |- (5.40)
8[Wi]a,j m|g|x} m| | [ ]]] s;() m [ ]]J
Similarly,
er [Wi]ocj|: i t 1m—s :|
_ = = |ci—1+—|g| — [Viwilj ;i — VsWslj |- (5.41)
e miglh, —lgl = 7wl L [Pl
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As for the partial derivatives of f;, we have

afk B [ﬁi]k,a m—1 Am h— I)Lh
a[wi}(x,j = m|g| hz [Vl h—1Wi—h— l]]k lm A’m (542)
and
fc [Wilax""S A I
a[ﬁi]jﬂ - m‘g’ hZ [vt+h+lwz+h+l]kj 7Lm },m . (5.43)

Putting formulas (5.40)—(5.43) together, {e;, fi } (5.38) is found to be

{ejifit = \g| (mlg))? Z ki Pin—1Wicn—1] jk — [FiWi] j e P Wi Jk ) X
h,i=0
m—1__ Am h 2111
m S - k
X | cic1+— !gl [Piwil ., — [vw];»)’. (5.44)
(l b= L Z s ) G

The Poisson bracket { f;, e} is obtained from {e;, fi} (5.44) by changing its sign and exchanging j
and k. Hence we get

{fiex} =— ]g| CEIE Z Wil j i1 W]k — [PiWi] e [P Wi i ) %
,i=0
m—1,_ Am—h/—Z/'Ll;’
m-—s.__ _ k j
ek — — (545
(a bl s~ R ) T 649

Rewriting this using the new index h =m —h' —2 (mod m) allows us to collect the factors of the
terms with the same A dependence in {e;, i} and {f},ex}. Then we add (5.44) and (5.45) together
and find that the terms with ¢; and é\g| cancel and as a result, we get

m—1m—1

1 . .
{ej fit +{fj e} = T h; ,Zé ([Piwilicx — [Piwil 5, ;) %

m— hlh
X ([Fiwilk j [VienWizn) jx — Fiwi] j i [PienWignlx,j) A’]" A]'(" (5.46)

Let us now consider the last term {f}, fi} in {6}, 6} (5.37). Since f; and fi do not depend on
any of the ¢’s we have

n m—1 d pa) of;
U fi) = ZZZ( fi Ok _ 9 O ) (5.47)

1i=0 a=1 d[wi] a,l 8[vl]ga 3["1’]1’,,0: a[Wi]a,Z

We already calculated most of these partial derivatives in (5.42) and (5.43). The only ones remaining
are

- i i+ht1 Wi 5.48
al:wl]ad m|g| Z V tOCZ V+]+1W+h+l]]l ),’n Am ( )
(t#/)
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and
8f Am h— llh
a[‘j_]J_ o = m|g\ Z at Z Vi h AWih—1s 7JW‘ (5.49)
ilJ,
(I#J)
for a =1,...,d. Now we break up the sum (5.47) into six parts, namely

{(fifit =Y, i

(#J k) (£#£.k)
=A —B
_’_mil i af] afk _m71 i afj afk

i=0 a=1 8[»@,]0,7] 9[%]/‘,03 i=0 a=1 a[ﬁl]j o a[Wz]a j

=C :\:rD
I af af & af af
Y L e e & T i O
=E =F

Fortunately, these expressions are related. For example, we get B if we exchange j and k in A. We
denote this by writing that B = (A) j«. There are similar relations between the expressions C and
F, as well as between the expressions D and E. In short, we have

B=(A)jor, C=(F)jox, D=(E)jon (5.51)

This observation saves us half the work as we only need to calculate, say A, F, and E. First, we

calculate A and find that
1 n _ lZm h—n' Z)th’iz’

A= W Z Z P03 j ke [Pi—n 1 Wi e j [Pivw 1 Wiew 1)k pY km] FTOR (5.52)

"™ M

Z;é]k

Second, we calculate F' and get

1 /'Lm h— llm h—1+h)Lh’

(mlgl)?

M:

F= Z F]Vl+h+1Wl+h+l]kK[Vl+lz/+lwt+h’+l]jk(lm lm)(lm lm) (5.53)

[N

iy
x—

(k)"

Third, we calculate £ and get

Z Z ] [ ] A’m h— llm h—1+hlh’ 5.5
14 Vz h—1Wi—h—1 Lk \Vi—h — Wi 1]k, m m m m .
(m\g\ )? (&Al)zhh’ i jOL — NN )“j )
k

We obtain explicit formulas for B, C, and D from (5.52)—(5.54) and the relations (5.51). Namely,

! !
m—1 AZm h—h ZAhlh

- (mlg])?
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m—h—19m—h —14+hqy W
A Ak

M:

C= z i i i+h i+h 5.56
(Z#J)
and
n _ )Vm h— I}Lm h/_H_h)yhl
D= ikt Pin1Wicn—tlej Diew—1Wiw -1 jk o (5.57)
(m!gl s L ;’: g vy ?\»j)(/l —A)

1
ne

Ses
\H\H

(

By a suitable change of indices in D and F we see that in A — D — F almost all terms cancel. The
only ones remaining are the terms with £ = k in D and the terms with £ = j in F. As a consequence,
we get

1 m—1
A—D-—F = VW P A
gD, Tbealici Wi el
lm—h’—l-&-hlm—h—l-q-h’
Viwilj,j Vi Vi Do W RN k 5.58)
+[VIWI]]J[Vt+h/+le+h/+1]k,j[Vl+h+1wl+h+l]j7k) (Am_lgz)z 6.

With the same type of computation we obtain

1 m—1
~B+C+E=—

Wik i r e Wi etk Pient 1 Wiyt j
(m‘g‘)z i7h7h/:0 ( LYK, 1 4 JLVe 1 J

Amfh’fl+h)tm7h71+h’
+ 0wl P n 1 Wi e P — 1 Wi —1] k) ! i )]i’”z . (5.59)
(A= 2A¢")

Since the exponents of A; and A do not depend on i and depend only on the difference of 4 and /',
but not on the individual indices, introducing a new index A" := h — k' and adding (5.58) to (5.59),
yields an explicit formula for the Poisson bracket { f;, fi }. Namely, we get

m—1 m—1

{fi fi} =

1
*W h;] ZZ(,) ([PiWilix — Wil j,j) X

o i i o ) i A‘m h//llfl//
X ([Piwilk i [Piew Wi ) j e — i) j i P Wi i) oy (5.60)

This is the same expression as (5.46) only with opposite sign. Hence these two terms in {6}, 6; }
cancel and we obtain

{6,,6,} =0. (5.61)

Finally, let us observe that due to (5.7) we can take any fixed h € Z,, and B € {1,...,d} and express
(V] p in terms of [V;]; o and [Wy]e ; with i,i' € Z,, (i # h) and a, o’ € {1,...,d} (a # B) for all
j=1,...,n. This means that [7}]; g (j = 1,...,n) are not independent coordinates on s%,, thus

{0, [7n]jp} =0, {6k, [Wnlp;} =0 (5.62)
forall j,k=1,...,n. O
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Remark 5.1. Let us list some important special cases of our results. In [3], it was shown that the
m=2,d =1 case corresponds to the rational Calogero-Moser system of type B, (and with g; =0
of type D,). Setting m = 1, d > 1 produces the Gibbons-Hermsen system [6], whereas the m = 2,
d > 1 case contains the type B, variant of the Gibbons-Hermsen system.

6. The equivariant geometry of the interpolation curves
Now we briefly describe the geometry of the interpolation curves appearing in Theorems 1.1 and
1.2. These are the affine plane curves

C1={(z,r(z)):z€C}cC? and C,={(z,(z)): z€C} C C% (6.1)

Both of these are rationally parametrized. Hence, they can be completed to rational curves in CP?2.
The expressions (4.26), (4.36), (5.22), (4.24) and (5.18) show that the polynomials A’(z), C(z) and
D(z) in all cases are divisible by z"~2. After cancellations we can write

_ pi@) oy P2
r(z) =: Ty d s(z) @) (6.2)

where p;(z), p2(z) and g(z) are polynomials of degree n — 1. The defining equation of the curve Cg
is

q(zZ")zy—ps(d") =0, 6=1,2. (6.3)

Let A be the root system A,,—; and let us choose a primitive m-th root of unity . There corre-
sponds to A a subgroup G, of SL(2,C), a cyclic subgroup of order m, which is generated by the

matrix
o 0
o (0 a)1> . 64)

Allirreducible representations of G are one-dimensional, and are given by p;: 0 +— o/, for j € Lip,.

The corresponding McKay quiver is the cyclic Dynkin diagram of type KSJ Z |- The group G acts on
C?; the quotient variety C2 /Gy has an isolated singularity of type A,,_1 at the origin. In coordinates,
the ring of functions H (02, ) = Cly, z]¢

the relation

4 is generated by a =z, b = y™ and ¢ = zy which satisfy

ab=c". (6.5)

As it was remarked in [3, Section 5.1] the set of eigenvalues (A{",...,A,") of the transformation
PyP; ...P,_1 € End(Vp) determines (A4,...,A,) only up to permutations and multiplication by m-
th root of unity. Therefore, the coordinates A;, ¢; are only well-defined up to the action of S, x
Gy, where the S, component permutes {A;} and {¢;} simultaneously, and the generator of the G
component maps (A;, ¢;) to (wA;, @~ '¢;).

The following lemma is straightforward from (4.32) and (5.24).

Lemma 6.1. When A; is replaced by ®A;, then 6; is replaced by @~'0;. Therefore, the coordinates
Ai, 0; are also well-defined only up to the action of S, X Ga.

Corollary 6.1. The pairs of variables (A, ¢;) and (A;, 6;) are well-defined on C*/Ga.
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As aresult, the curves C; and C; are only well-defined up to the action of G. But they descend
to well-defined curves on the quotient space C?/Ga.

Corollary 6.2. The curves C, and C, descend to well-defined rational curves Cy/Ga and C,/Ga on
C?/Gy. When considered as a subvariety of C3 = Spec(Cla, b, c]), C1/Ga and C>/Ga are given by
the intersection of the surface (6.5) and the surface

q(a)c—pg(a) = 07 0= 1727 (66)

respectively, or equivalently, the surface swept out by the translations of the graph of the degree
n — 1 interpolating function

c:ps(a), §=1,2 6.7)

in the b-direction. In this way we obtain a map
€™ — RatCurves"(C?/G,) (6.8)

defined on the dense open subset 6" C €, where RatCurves™(C2/Gy) is the space of rational
curves of degree n on C? /G,

Conversely, if C C C?/Gy is a rational curve of degree n which is of the above form, then any
distinct n points on it determine a point of &M" | such that the associated curve Cs/Ga (resp. C2/Ga)
to this point is C. This correspondence associates the point of €" with coordinates {(A;, ¢;)} (resp.
{(Ai,6,)}) to the n points {(Ai,¢;)} C C (resp. {(A;,6;)} C C).
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