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Practice problems (not to hand in)

1. Compute Hi(S
n \ k + 1 points ) and Hi(Rn \ k points ).

2. Show that the relative homology group H1(R,Q) of the pair Q ⊂ R is a free abelian group and
find a basis.

3. Find an explicit, noninductive formula for the barycentric subdivision operator S : Cn(X) →
Cn(X).

HW problems to hand in

1. (a) Verify that homotopy is an equivalence relation between continuous maps X → Y .

(b) Verify that chain homotopy of chain maps is an equivalence relation.

2. Prove the “5-lemma”:

A1
f1−→ A2

f2−→ A3
f3−→ A4

f4−→ A5

↓ g1 ↓ g2 ↓ g3 ↓ g4 ↓ g5

B1
h1−→ B2

h2−→ B3
h3−→ B4

h4−→ B5

be a commutative diagram in of abelian groups, where the rows are exact sequences. If g1, g2,
g4, and g5 are isomorphisms, then g3 is also an isomorphism.

3. Let p be a prime number. Determine all isomorphism classes of abelian groups A that can
appear as the middle term of a short exact sequence

0 → Z/(pa) → A → Z/(pb) → 0

4. (a) Prove that if each xi ∈ Xi has a neighbourhood that can be contracted to xi and {xi} ⊂ Xi

is a closed set, then

H̃k

(
n∨

i=1

Xi

)
=

n⊕
i=1

H̃k(Xi)

where
∨n

i=1Xi is the wedge sum of the spaces Xi identified at the points xi.

(b) Construct a topological space X such that for all k ≥ 0,

Hk(X) = Znk

where nk ∈ N are arbitrary.

5. If X retracts onto A, prove that Hn(X) ≃ Hn(A)⊕Hn(X,A) for all n ≥ 0.
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